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Abstract

A graph G is said to have the group
distance magic labeling if there exists an
abelian group H and one-one map A from
the vertex set of G to the group elements

such that xeN (u) A(x) = W forall u €V,

where N (u) is the open neighborhood of

Graph labeling is an assignment the labels
by elements from certain set to the vertices
or edges, or both subject to certain
conditions. For any graph G of order n,
the distance magic labeling (also called

Sigma Labeling) is defined as a bijection 4

w(zr) = Z AMy) =k,

ueNglz)

u and p € H is the magic constant, more
specifically such graph is called H-
distance magic graph. In this paper, we
prove anti-prism graphs are Z2n, Z2 X
Zn, Z3 % Zém, Z4 % Zoém, and Z6 X
Zem-distance magic graphs. This paper
also concludes the group distance magic
labeling of direct product of the anti-

prism graphs.

1. Introduction

:V(G) — {1, 2,3, ..., n} such that for every

XEV

where Ng(x), the neighborhood of vertex x,
is the set of vertices adjacent to x, w(x) is
the weight of each vertex of the graph G
and k is the positive integer called magic
constant [1, 7]. Motivated from the idea of
distance  magic  labeling, Froncek
introduced a group distance magic labeling
(GDML) in 2013 [6].
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For a given graph G of order n and an
abelian group H of order n, the group
distance magic labeling is a one-one map A
: V (G) — H such that for every x € V,

w(r) = Z AMy) = p.
yCNe(x)

where u € H. Generally, we can say that
elements of an abelian group are used to
assign the labels to the vertices of the graph
G. It is the proved fact that every distance
magic graph is also group distance magic
graph with respect to modulo group Zn,
where n is the order of the graph, but the
problem of finding group distance magic
labeling still retains its interest for other
abelian groups other than Z,. Another
interesting aspect of the problem is the
converse of this fact is not true in general.

A cycle cannot have a GDML for any
group, since if there is a GDML then the
magic constant i should be »— 1 which is
impossible. However, Froncek [6] can
prove the GDML for Cartesian product and
direct product of cycles for different
conditions on order of graph, that is C, XCp
(N <m) admits GDML iff nm is even or n,
m both even. In 2015, Anholcer et al.
proved a GDML of direct product of
graphs [2]. They proved GDML for C, x
Cm for Zm x Zn if m, n = 0(mod4). They
also proved, the direct product of a r-
regular graph G of order n with Cs is
GDML. They proved GDML for C, x Cn
for group Z: x A where A is abelian group
of order ™ if m, n = 0 (mod 4). The direct
product of Cn with C, is not GDML for
any abelian group 7"and m, n f= 0(mod4) .
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The direct product of a ri-regular graph G
with a ro— regular graph Gz is It x I»-
distance magic whenever Gy is I'1-distance
magic and G2 is I>»-distance magic. They
also proved :GDML for G x H where G is a
balanced magic graph and H is an r-regular
graph for » > 1.

In 2013, Cichacz [3] proved a GDML for
lexicographic product of regular graphs
with cycles, composition of regular graphs
with complete bipartite graphs. She gave
the formula p = ™ for regular graph G.
According to her, the lexicographic
product of graph G of order n with?Cy is
GDML for abelian group I" of order 4n
such that I” = Z, x Z; x A for some abelian
group A of

order n [4, 5]. The lexicographic product of
complete bipartite graph Kmn (m is an even
and n is an odd) with Cs is GDML for
abelian group I of order 4(m + n). She
proved GDML in G x Cs4 where G is
Eulerian graph of odd order n and abelian
group 7" of order 4n.

If we consider for r-regular graph, any 2-
regular graphs cannot have a GDML as we
mentioned above. By a simple calculation
we can conclude that any r-regular graph
with r odd, cannot have a GDML. In this
paper, we target one family of 4-regular
graph, which is the anti-prism family of
graphs for finding the group distance magic
labeling with respect to modulo group and
the product of modulo groups. We present
the Zon, Zo X Zn, Z3 X Zem, Z4 X Zem,
and Zs X Zeom-
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distance magic labeling for the anti-prism.

We also provide the Z3 x Zan, Zamn and
Z2 X Zmn- distance magic labeling for the
direct product of the anti-prism graphs.

2. Discussion and Main Results

In this section we present our main results
providing the group distance magic
labeling for anti- prism and their direct

V (An) ={xi, vi,0<i<n—1}
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product corresponding to different abelian
groups.

2.1. GDML of Anti-Prism Graph

We determine the GDML of Anti-prism
graph of order 2n in theorems which have
been given below. Before presenting our
primary findings, the vertex set and edge set
of Anti-prism graphs An as follows

E(An) = {XiXi+1, YiVi+1, XiVi, Xi¥i+1, 0 <i <n — 2} U {XoXs-1, YoYn-1, YoXn-1, Xn—1Yn-1}

Theorem 1 Let G = A, where A, is an anti-prism graph and the module 2n group is Z2n, then G

allows a Zo,-DML.

Proof. Let A, be the anti-prism graph, we know that A, is a 4-regular graph of order 2n. The
vertex and edge representations of Ay, that follow are used as

V (An) ={xi,yi,0<i<n—-1}

E(An) = {XiXi+1, YiVi+1, XiVi, XiYi+1, 0 <i<n — 2} U {XoXn-1, YoYn-1, YoXn-1, Xn—1Yn-1}

AV (G) — Zan that is defined as
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Case(i) If # is even then the labeling of each vertex of graph A, is given as

M) = 2 for O0<i<n-—1

Myy)) = 2n=j)=1 for 0Lj<n~—1
J

Case(ii) If n is odd then the labeling of each vertex of graph A, is given as

flag) = 20+ 1 for D<i<n-—1
l'l.q)} — '_‘Il:—-}-—ll lor ||':.; '__ n—1

Under |, An is @ magic graph with Z»n-distance and a magic constant
M=2n—4

Since Zan = Zy % Zy if ged(2, n) =1 which are used for GDML of graph A, in theorem 1. Now we
discuss module group Z» x Z, if gcd(2, n) f=1 for GDML of graph A, in the following theorem

Theorem 2 Let G = A, where A is anti-prism graph and the module group is Z> < Z, such that
gcd(2, n) f=1. Then G admits a Z> x Z,-DML.

Proof. We use the vertex set and edge set of An given in theorem 1 and A : V (G) — Z> x Z, must
be defined as follows

A(x;) = (0, i) for 0<i<n-1
Alyj)=(1,(n=1)=]) for 0<j<n-1
Theorem 3 Let G = A, where A, is anti-prism graph such thatn =9m, m € Z* and m f= 3k,

k € N. Then G allows a Zz x Zgm-DML.

Proof. We use the vertex set and edge set of An given in theorem 1 and A : V (G) — Z3 XZem must
be defined as follows

(0.2: mod 6m) for N<i1<249,t>0

Hri) =<4(1.25 mod 6m) for 34+ <i<5+01.t>0

(2.2¢ mod Gm) for 64+N <1< S+IL.1>0
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And
(1.16Gm (29 + 1)) mod Grr)  fon 2 4 Ut < ] < | 4+ 9.t > 1
M= (0. (6m—1(25+1)) modbm) for H5+H<)<T+U. >0

(2,(6m—1(25+1)) modbm) for S+H<)<I10+NAZ>0 or =01

Under |, An is @ magic graph with Z3 xZsm-distance and a magic constant

= (0, 6m —4).
Theorem 4 Let G = A, where A is anti-prism graph such that n = 12m and m = 2k +1,
k>0. Then G allows a Z4 x Zgm-DML.

Proof. We use the vertex set and edge set of A, given in theorem 1 and A : V (G) — Z4 XZem

must be defined as follows

(0.2 mod 6m) for 12t <i<2412t.t >0

(L2 modtm) for 34+128< <54 121,820
£ ri) =
(2,27 mod 6m) for 6412 <i<S+120,1 >0
(3.2 mod Gm) for 94+ 12t <1 < 11+ 12t.1 >0
\
And
(2.(6m —(2j+1)) mod6m) for 2+121< j<44+120L10>0
(1,{6m — (274 1)) mod 6m) for 5412t <;<T+120,1>10
"’-”I' =

(0, {(6m —=(254+1)) mod6m) for B+ 120< < 10+12(E>0

(3. (6m - {'_3/ + 1)) modd 6m) for 11 + 121 < ] < 13+ 12t.t >0 or ] = (.1
Under A, An is a magic graph with Zs x Zgm-distance and a magic constant

u=(1,6m —4).

Theorem 5 Let G = A, where A is anti-prism graphsuchthatn=18m, m>1andm=k, k=1
mod 6 or 5 mod 6. Then G allows a Z¢ < Zem-DML

Proof. We use the vertex set and edge set of A, given intheorem L and A :V (G) — Zs X Zsm
must be defined as follows
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(2.2¢  mol Ge)
;) =

(3.2¢  mod Gm)

(4,.2¢  modd Gm)

(0, 2¢ modd G

(1.2¢ mod Gm)

(5.2¢ mod Gm)

And
(4. (6m—(27+ 1)) mod Gm)
(3. {(6m—(29)+ 1)) modd Gm)
(2.(6m—1(27+1)) mod 6Gm)
My, =
(1, (G — (294 1)) mord Gm)
(0, (G — (29 + 1)) mod Gin)
(5, (Gm—1(27+ 1)) mod Gm)

i

I

I

"

)’}

"

foor

for

for

tor

fon

for

f- "
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IS¢t i 24+ I8t t =0

3+ 18t <i< 541861 >0

0+ l\t-:;-v.;\.u]\tr_-n

D+ I8t < <11+ 18,1 >20
12 (Rt i< 44180 >0
IS4+ I <1< ITH 1881 =0

2+HIN < <4+ 1841 20

S+ I8t < j <

T+ I8t >0

S+ 1ISE< <104+ 18, >0

I+ I8t < )< 13+ I8t >0
4+18t < ) < 16+ 18,1 =0
IT+ 18t < ) <104+ 184t >0 or j=0.1

Under A, An is a magic graph with Ze xZsm-distance and a magic constant

u=(3,6m —4).

2.2 Group Distance Magic Labeling of Direct Product of Anti-Prism Graphs
The vertex set V (G) x V (H) and edge set of graph Gx H which is the direct product of graphs

G and H as follow
EGx H) = {‘urv.":l.'l" ("‘I

that is any two vertices (u, v) and (u’, v’) are
adjacent in G x H if and only if u is adjacent

tou’ in
G and v is adjacent to v’ in H [5].

Lemma 1 [2] If an ri-regular graph Gi
Is a I'1-distance magic and an rp-regular
graph G2 is a I>-distance magic, then
the direct product G1 x Gz is a 1 X I2-
distance magic graph.

Based on the above Lemma, the

wve V), u' . e VIH). un' € E(G), vt € [//I}

existence of the GDML has already been
proved and we can construct the GDML
for the direct product graphs for specific
groups but the problem is still open for
finding the complete list of groups for
which GDML exits for the direct
product of graphs. In the following
theorems, we present the group distance
magic labeling for direct product of anti-
prisms for several groups.
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Theorem 6 Let G = Az andH = A,, where Az and A, be anti-prism graphs suchthatn =3m, m >
1. The module group of order 12n is Z3xZsn. Thenthe graph GxH allows a Z3xZ4n-DML.

Proof. The vertex and edge representations of As and A, that follow are used as

V (A3) = {xi, ¥i|0 <i <2}

E(A3) = {XiXi+1, YiVis1, Xi¥i, Xiyi+1]0 <7 <1} U {XoX2, YoY2, YoXz, X2Y2}

V(A = {¥i,yi’|0<i<n—1}

E(An) = {idi+ 1, yityi+1, Xiyid, Fiyid+110 <i <n - 22 u{x0” x'n-1,y0 yn’ —1,y0? -1,
xh-1yn —1}

The following vertex represents of A3 x An, according to the notion of direct product

\"I.l;;' \,,I—{l‘ll_‘l;,l_l.:"‘,//")l]~f,-’_"._D.|).—-;;.’.'“ I}

|1V (A3 x An) — Z3 % Zan must be defined as follows,

o) = (.20 +2ni 4 3) mod 12m), for 0<i<2,0<j<n~1
. I‘f,! = 2-4,(22n +2ni - j) = 1) mod 12m), for 0<i<2,0<j<n-1
(yi.y;) = (2=1,(2n +2ni = j)=1) mod 12m), for 0<i<20<j<n~1
Then under A, Az x A, is a magic graph with Zz x Zss-distance and a magic constant
p=(0,4n —8)

Theorem 7 Let G = Amand H = An, where Ay and A, be anti-prism graphs such that m <n and
Zamn be the module group of order 4mn. Then the graph G xH admits a Zsmn-distance magic
labeling for all m, n > 3.

Proof. The vertex and edge representations of Am and A that follow are used as
V (Am) = {Xi, yil0 <i<m -1}
E(Am) = {XiXi+1, YiVis1, Xii, XiYi+1]0 <i <m — 2} U {XoXm-1, YoYm-1, YoXm—1, Xm-1Ym-1}

V(A = {¢,yi’l0<i<n—1}
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E(An) = {ixli+1, yiyi'+1, Xiyi’, Piyit+1]0 <i <n - 2} u {0’ x’n—1,y0 yn’ —1, yo’ xln—1,
xh-1yn 1}
The following vertex represents of Am % An, according to the notion of direct product
V (Am % An) = {(x, ¥i), (K}, yj°)I0<i<m -1, 0<j <n-1}
I:V (Am % An) — Zsmn must be defined as follows,
{(xi, 2) = 4ni +2j, for 0<i<m-1.0<ji<n-—1
(i, ;) = 4ni+2(j +n). for 0<i<m—-1,0<j<n—1
{yi.x%) = (A4mn = 1) = 2(2ni + j). for 0<i<m=1.0<j<n-1

(i i) = (Amn—1) —2n(2i+1)+j], for 0<i<m—1,0<j<n—|

Then under I, Am % An is a magic graph with Zsmn-distance and a magic constant

S({m—2n—1) for m=23.4
=

1((m Wn-2) for m>4

Theorem8LetG = Ay and H = A,, where An and A, be anti-prism graphs such thatm <n
and The module group of order 4mn is Z; x Zzmn. Then the graph G x H allows a Zz %< Zomn-
DML for all m, n > 3.

Proof. The vertex and edge representations of Am and An that follow are used as
V (Am) = {Xi, yil0 <i<m -1}
E(Am) = {XiXi+1, YiYi+1, Xi¥i, Xi¥i+1|0 <i <m — 2} U {XoXm-1, YoYm-1, YoXm—1, Xm—1Ym—1}
V(A = {¥i,yi’l0<i<n—1}
E(An) = {ixi+ L, yityid+ 1, Xiyi, iyil+1]0 <i <n - 22U {x0’ x’n—1,y0 yn’ —1,y0' X’n—1,
xh-1yn —1}
The following vertex represents of Am % An, according to the notion of direct product
V (Am x An) = {(xi, yi), (X, ¥j°)I0<i<m—1, 0<j <n-1}
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|1V (Am % An) — Z2 X Zomn must be defined as follows,

o o) = (0208 +
' 7 . - J

' " .
Ol o) = (00n(20 4 1)+ 7).

'
gy ry) = (1, 2n(m — i) — L= j)

'|.‘;,.;/’fl = (Ln[2(m—i)—1]—1-— 7).
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0<i<m—-10<;<n—1

Then under I, Am % An is @ magic graph with Z, < Zome-distance and a magic constant

(0. 4((rme =2 =2

(0.2((m—4)n = 1))

3. Conclusion

Graph theory and groups are connected by
Group Distance Magic Labeling (GDML).
Due to this feature, we define the
relationship using GDML between the
group Zzn and anti-prism graph of order 2n.
For the first time, we determine GDML of
anti-prism graph by the groups Z» xZn, Z3 %
Zem, Zs XZsm, Zos XZsm Other than Z>,. We
also extended our work from GDML of anti-
prism graph to the GDML of direct product
of anti-prism graph by Zamn, Z3 % Z4, and Z
X Zomn.
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